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For the nonlinear and dispersive long gravity waves traveling in two horizontal directions
with varying depth of the water, we consider a variable-coeﬃcient variant Boussinesq
(vcvB) model with symbolic computation. We construct the connection between the vcvB
model and a variable-coeﬃcient Ablowitz–Kaup–Newell–Segur (vcAKNS) system under
certain constraints. Using the N-fold Darboux transformation of the vcAKNS system, we
present two sets of multi-solitonic solutions for the vcvB model, which are expressed
in terms of the Vandermonde-like and double Wronskian determinants, respectively.
Dynamics of those solutions are analyzed and graphically discussed, such as the parallel
solitonic waves, shape-changing collision, head-on collision, fusion-ﬁssion behavior and
elastic-fusion coupled interaction.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In recent years, considerable attention has been paid to the nonlinear evolution equations (NLEEs) with variable co-
eﬃcients which can describe certain nonlinear phenomena realistically [1–5]. For example, the Korteweg–de Vries equa-
tion with variable coeﬃcients from arterial mechanics and Bose–Einstein condensates has been investigated in Refs. [4].
Variable-coeﬃcient higher-order nonlinear Schrödinger model has been studied in Refs. [5], which can be used to describe
the femtosecond pulse propagation and design the ultrafast signal-routing and dispersion-managed ﬁber-transmission sys-
tems [5].
In this paper, we will investigate the following variable-coeﬃcient variant Boussinesq (vcvB) model [6],
ut + α1(t)vx + β1(t)uux + γ1(t)uxx = 0,
vt + α2(t)uvx + β2(t)vux + γ2(t)vxx + p(t)uxxx = 0. (1)
System (1) characterizes the nonlinear and dispersive long gravity waves travelling in two horizontal directions in shallow
waters with varying depth [7]. Hereby, x is the scaled space, t is the scaled time, the subscripts represent the partial deriva-
tives, u = u(x, t) is the ﬁeld of the horizontal velocity of the water under investigation and v = v(x, t) denotes the height
deviating from the equilibrium position of the water. p(t), α j(t), β j(t) and γ j(t) ( j = 1,2) are all analytic functions of t ,
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ductions of system (1) have been derived in Ref. [8]. Painlevé property for system (1) has been reported under some
constraints, and some solitonic solutions have been presented via the Hirota technique [9]. Lax pair and Darboux trans-
formations (DTs) of system (1) have been constructed, by which the one- and two-solitonic solutions have been given as
well [10].
For better understanding the dynamical features of the nonlinear water waves traveling in two horizontal directions with
varying depth of the water, it is of interest in ﬂuid dynamics to seek for more solutions of system (1).
In this paper, with symbolic computation [1–3], we will reveal the connection between system (1) and a variable-
coeﬃcient Ablowitz–Kaup–Newell–Segur (vcAKNS) system in Section 2; In Section 3, by using the N-fold DT of the vcAKNS
system, we will offer two sets of multi-solitonic solutions which are expressed in terms of the Vandermonde-like and double
Wronskian determinants, respectively, and give the analysis on the dynamics of such solutions; Especially, we will point out
that the separation distance between the solitonic waves depends on the spectral parameters and that the seed solutions
have effects on the dynamics of system (1); Section 4 will be our conclusions and discussions.
2. Connection between system (1) and a vcAKNS system
We hereby introduce a transformation,
u = 1
2
[
ln(H)x
]
,
v = HG − 1
2
β
[
ln(H)xx
]
, (2)
by which one can verify the following:
If G and H are the solutions of the vcAKNS system presented as,
Ht − a(t)GH2 + 1
2
a(t)Hxx − a(t)H = 0,
Gt + a(t)HG2 − 1
2
a(t)Gxx + a(t)G = 0, (3)
u and v deﬁned by transformation (2) satisfy system (1) under the constraints:
α1(t) = −1
2
a(t), α2(t) = β1(t) = β2(t) = 2a(t),
γ1(t) = −γ2(t) = 1
2
a(t) − 1
2
βa(t), p(t) = 1
2
β2a(t) − βa(t), (4)
where a(t) is a smooth function of t and β = 0 is an arbitrary constant.
Selecting the concrete form of V in Ref. [11], we give the Lax pair of system (3) as follows [11],
φx = Uφ, φt = V φ, (5)
with
U =
(
λ G
H −λ
)
, V =
(
P Q
R −P
)
,
P = a(t)
(
λ2 − 1
2
HG − 1
2
)
,
Q = a(t)
(
Gλ + 1
2
Gx
)
,
R = a(t)
(
λH − 1
2
Hx
)
.
In the next part, using variable transformation (2) as well as the N-fold DT of Lax pair (5) (see Appendix A), we will
derive the multi-solitonic solutions for system (1).
3. Multi-solitonic solutions for system (1)
3.1. 2N-solitonic solutions in terms of the Vandermonde-like determinant
In this section, we will obtain the 2N-solitonic solutions in terms of the Vandermonde-like of system (1) by applying the
N-fold DT of system (3) (see Appendix A). Substituting H = 1 and G = −1 into Lax pair (5), we have two basic solutions,
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(
cosh ξ j
λ j cosh ξ j − c j sinh ξ j
)
, (6)
ψ(λ j) =
(
sinh ξ j
λ j sinh ξ j − c j cosh ξ j
)
, (7)
with
ξ j = c j
[
x+ λ j
∫
a(t)dt
]
, c j =
√
λ2j − 1 (1 j  2N). (8)
According to Eq. (36), we have
σ j = λ j − c j tanh ξ j − r j1− r j tanh ξ j (1 j  2N). (9)
Solving linear system (35), we have
BN−1 = BN−1 , CN−1 =
CN−1
 , (10)
with
 =
∣∣∣∣∣∣∣∣∣
1 σ1 λ1 σ1λ1 · · · λk1 σ1λk1 · · · λN−11 σ1λN−11
1 σ2 λ2 σ2λ2 · · · λk2 σ2λk2 · · · λN−12 σ2λN−12
...
...
...
...
...
...
...
...
...
...
1 σ2N λ2N σ2Nλ2N · · · λk2N σ2Nλk2N · · · λN−12N σ2NλN−12N
∣∣∣∣∣∣∣∣∣
, (11)
BN−1 =
∣∣∣∣∣∣∣∣∣
1 σ1 λ1 σ1λ1 · · · λk1 σ1λk1 · · · λN−11 −λN1
1 σ2 λ2 σ2λ2 · · · λk2 σ2λk2 · · · λN−12 −λN2
...
...
...
...
...
...
...
...
...
...
1 σ2N λ2N σ2Nλ2N · · · λk2N σ2Nλk2N · · · λN−12N −λN2N
∣∣∣∣∣∣∣∣∣
, (12)
CN−1 =
∣∣∣∣∣∣∣∣∣
1 σ1 λ1 σ1λ1 · · · λk1 σ1λk1 · · · −σ1λN1 σ1λN−11
1 σ2 λ2 σ2λ2 · · · λk2 σ2λk2 · · · −σ2λN2 σ2λN−12
...
...
...
...
...
...
...
...
...
...
1 σ2N λ2N σ2Nλ2N · · · λk2N σ2Nλk2N · · · −σ2NλN2N σ2NλN−12N
∣∣∣∣∣∣∣∣∣
. (13)
With the deﬁnition of the Vandermonde-like determinant considered (see Appendix B), Eq. (10) becomes,
BN−1 = (−1)N VN+1,N−1(1;σ j|λ j)
VN,N(1;σ j|λ j) , CN−1 = (−1)
N−1 VN−1,N+1(1;σ j|λ j)
VN,N(1;σ j|λ j) . (14)
Resorting to expressions (2), (14), (37) and (38), we obtain the 2N-solitonic solutions in terms of the Vandermonde-like
determinant for system (1) as follows,
u[N] = 1
2
{
ln
[
1+ 2(−1)N−1 VN−1,N+1(1;σ j|λ j)
VN,N(1;σ j|λ j)
]}
x
, (15)
v[N] =
[
−1+ 2(−1)N+1 VN+1,N−1(1;σ j|λ j)
VN,N(1;σ j|λ j)
][
1+ 2(−1)N−1 VN−1,N+1(1;σ j|λ j)
VN,N(1;σ j|λ j)
]
− 1
2
β
{
ln
[
1+ 2(−1)N−1 VN−1,N+1(1;σ j|λ j)
VN,N(1;σ j|λ j)
]}
xx
. (16)
Figs. 1 and 2 display the intensity evolution plots of the parallel two-solitonic solutions for system (1), and the traces
of which undergo the parabola-type and sine-type changes, respectively. Both of the two-solitonic waves propagate stably
without any affection to each other and the separation distance between them keeps invariant. On the contrary, we show
that the shape-changing collision in Fig. 3 by increasing the value of |λ1−λ2|. Taking Fig. 3(b) for example, we ﬁnd that two-
solitonic waves progress with the variable velocity and amplitude, respectively, while their accelerations are unconformity
and they interact with each other periodically. Fig. 4 (5) exhibits the head-on collisions between two-solitonic waves along
the parabola-type (sine-type) trace. It is observed that two-solitonic waves shown in Fig. 4(a) change their directions after
the collision, while the directions of the two-solitonic waves in Fig. 5(a) encounter the periodic variations.
L. Wang et al. / J. Math. Anal. Appl. 372 (2010) 110–119 113Fig. 1. Two-solitonic solutions via expressions (15) and (16) with H = 1, G = −1, λ1 = 2.1, λ2 = 2.5, β = −1, r1 = 0.5, r2 = −1.5 and a(t) = t .
Fig. 2. Two-solitonic solutions via expressions (15) and (16) with H = 1, G = −1, λ1 = 2.1, λ2 = 2.5, β = −1, r1 = 0.5, r2 = −1.5 and a(t) = cos(t).
Fig. 3. Two-solitonic solutions via expressions (15) and (16) with H = 1, G = −1, λ1 = 1.5, λ2 = 2.5, β = −1, r1 = 0.5, r2 = −1.5 and a(t) = cos(t).
3.2. Multi-solitonic solutions in terms of the double Wronskian determinant
Substituting H = 0 and G = 0 into the Lax pair of system (3), we have two new basic solutions,
ϕ(λ j) =
(
eξ j ,0
)T
,
ψ(λ j) =
(
0, e−ξ j
)T
, (17)
with
ξ j = λ jx+
(
λ2j −
1
)∫
a(t)dt (1 j  2N). (18)
2
114 L. Wang et al. / J. Math. Anal. Appl. 372 (2010) 110–119Fig. 4. Two-solitonic solutions via expressions (15) and (16) with H = 1, G = −1, λ1 = 2.1, λ2 = −2.5, β = −1, r1 = −0.5, r2 = 0.5 and a(t) = t .
Fig. 5. Two-solitonic solutions via expressions (15) and (16) with H = 1, G = −1, λ1 = 2.1, λ2 = −2.5, β = −1, r1 = −0.5, r2 = 0.5 and a(t) = cos(t).
According to Eq. (36), we have
σ j = −r je−2ξ j (1 j  2N). (19)
The double Wronskian determinant is deﬁned as [12,13]
WN,M(ϕ;ψ) = det(ϕ,∂xϕ, . . . , ∂N−1x ϕ;ψ,∂xψ, . . . , ∂M−1x ψ), (20)
where ϕ = (ϕ1(x),ϕ2(x), . . . , ϕM+N (x))T and ψ = (ψ1(x),ψ2(x), . . . ,ψM+N (x))T .
We can prove that system (3) has the double Wronkian solutions
H = 2 |̂N − 2; N̂|
|̂N − 1;̂N − 1|
, G = −2 |N̂;̂N − 2|
|̂N − 1;̂N − 1|
, (21)
where
|̂N − 1;̂N − 1| = WN,N(ϕ1(λ j); r jψ2(λ j)),
|N̂;̂N − 2| = WN+1,N−1(ϕ1(λ j); r jψ2(λ j)),
|̂N − 2; N̂| = WN−1,N+1(ϕ1(λ j); r jψ2(λ j)). (22)
In fact, from the Lax pair of system (3), we have the relation
ϕ1x = λ jϕ1, ψ2x = −λ jψ2 ( j = 1,2,3, . . . ,2N). (23)
Eq. (23) implies
λkjϕ1 =
∂kϕ1
k
, λkjψ2 = (−1)k
∂kψ2
k
(k = 1, . . . ,N, j = 1,2,3, . . . ,2N). (24)
∂x ∂x
L. Wang et al. / J. Math. Anal. Appl. 372 (2010) 110–119 115Fig. 6. Fusion behaviors via expressions (15) and (16) with H = 0, G = 0, λ1 = −3, λ2 = 1.5, λ3 = −6, λ4 = −7, β = −1, r1 = 0.5, r2 = 3.5, r3 = 0, r4 = −0.5
and a(t) = t2.
Fig. 7. Periodic fusion-ﬁssion behaviors via expressions (15) and (16) with H = 0, G = 0, λ1 = −3, λ2 = 1.5, λ3 = −6, λ4 = −7, β = −1, r1 = 0.5, r2 = 3.5,
r3 = 0, r4 = −0.5 and a(t) = 0.05cos(t).
Noticing Eq. (36), we have
σ j = − r jψ2(λ j)
ϕ1(λ j)
( j = 1,2,3, . . . ,2N). (25)
Then, substituting Eqs. (24) and (25) into Eq. (10), we obtain
BN−1 = |N̂;
̂N − 2|
|̂N − 1;̂N − 1|
, CN−1 = |
̂N − 2; N̂|
|̂N − 1;̂N − 1|
. (26)
Thus, the multi-soliton-like solutions in terms of the double Wronkian determinant for system (3) are presented as,
H = 2 |̂N − 2; N̂|
|̂N − 1;̂N − 1|
, G = −2 |N̂;̂N − 2|
|̂N − 1;̂N − 1|
, (27)
so we can obtain the multi-soliton-like solutions in terms of the double Wronkian determinant for system (1),
u = 1
2
[
ln
(
2
|̂N − 2; N̂|
|̂N − 1;̂N − 1|
)]
x
, (28)
v = −4
( |N̂;̂N − 2|
|̂N − 1;̂N − 1|
)( |̂N − 2; N̂|
|̂N − 1;̂N − 1|
)
− 1
2
β
[
ln
(
2
|̂N − 2; N̂|
|̂N − 1;̂N − 1|
)]
xx
. (29)
Fig. 6 describes the evolution of the shock-wave solution for u and bell-shaped solitonic wave solution for v with variable
velocities, respectively. It is seen that two shock waves (or two bell-shaped waves) fuse into one shock wave for u at the
time t = 0 (one bell-shaped wave for v). Unlike the single fusion phenomenon in Fig. 6, Fig. 7 demonstrates the periodic
fusion-ﬁssion behaviors with time increasing. As shown in Fig. 7(a), two shock waves ﬁrstly fuse into one shock wave which
splits into two ones later, and such behavior undergoes periodic variation [similarly, Fig. 7(b) describes the evolution of the
bell-shaped solitonic waves]. Fig. 8 displays another novel nonlinear phenomenon for system (1), namely, the elastic-fusion-
coupled interaction, in which the fusion behavior coexists with the elastic collision. Hereby, we will take the evolution of
the wave height v depicted in Fig. 8(b) in one cycle for example (similar analysis for the horizontal velocity ﬁeld u which
demonstrates the shock wave interaction). Two-solitonic waves S1 and S4 fuse into one-solitonic wave at t > 0, while the
116 L. Wang et al. / J. Math. Anal. Appl. 372 (2010) 110–119Fig. 8. Elastic-fusion-coupled interactions via expressions (15) and (16) with H = 0, G = 0, λ1 = −0.5, λ2 = −0.6, λ3 = 7, λ4 = −6, β = −1, r1 = −0.5,
r2 = 3.5, r3 = 2.5, r4 = −0.5 and a(t) = 0.2cos(t).
Fig. 9. Three-solitonic solutions via expressions (15) and (16) with H = 0, G = 0, λ1 = 4.5, λ2 = 4.6, λ3 = −4.9, λ4 = −5, β = −1, r1 = −0.5, r2 = 3.5,
r3 = 0.5, r4 = −0.5 and a(t) = 75 t .
Fig. 10. Three-solitonic solutions via expressions (15) and (16) with H = 0, G = 0, λ1 = 4.5, λ2 = 4.6, λ3 = −4.9, λ4 = −5, β = −1, r1 = −0.5, r2 = 3.5,
r3 = 0.5, r4 = −0.5 and a(t) = cos(t).
wave shapes and amplitudes of the solitons S2 and S3 do not change after the collision except for their phase shifts. Elastic
and fusion behaviors occur simultaneously without any affection to each other. Figs. 9–10 display the intensity evolution
plots of three parallel solitonic waves [shock waves for Figs. 9(a) and 10(a) and bell-shaped waves for Figs. 9(b) and 10(b)]
with the constant separations, where the traces of which undergo the parabola-type and sine-type oscillations, respectively.
Fig. 11 exhibits the elastic interactions of three solionic waves that progress with the parabola-type trace.
4. Conclusions and discussions
In this paper, with symbolic computation, attention has been focused on system (1) for the nonlinear and dispersive long
gravity waves traveling in two horizontal directions with varying depth of the water.
The relationship between systems (1) and (3) has been revealed via variable transformation (2). Employing the N-fold
DT of system (3) with different seeds (H = 1, G = −1 and H = 0, G = 0), we have presented two sets of multi-solitonic
L. Wang et al. / J. Math. Anal. Appl. 372 (2010) 110–119 117Fig. 11. Three-solitonic solutions via expressions (15) and (16) with H = 0, G = 0, λ1 = −0.5, λ2 = −0.6, λ3 = 7, λ4 = −6, β = −1, r1 = −0.5, r2 = 3.5,
r3 = 2.5, r4 = −0.5 and a(t) = 40t .
solutions for system (1), i.e., Eqs. (15), (16), (28) and (29), which have been expressed in terms of the Vandermonde-like
and double Wronskian determinants, respectively. Certain interactions for system (1) have been graphically analyzed (see
Figs. 1–11). Finally, we would like to discuss the following issues:
• By selecting different seeds, we have obtained two kinds of solutions for system (1). One class of solutions has been
presented with the seeds H = 1 and G = −1, leading to the bell-shaped-wave solutions for u, while the other with
H = 0 and G = 0, the shock-waves for u. This shows that the dynamics of the solutions of system (1) are closely related
to the seeds (see Figs. 1–5). Meanwhile, different representations (as seen in Figs. 6–11) of the solutions for system (1),
i.e., the Vandermonde-like and double Wronskian determinants, respectively, have also been shown to be associated
with different seeds, mainly because the basic solutions of the Lax pair vary with the seeds.
• From the analysis on Figs. 2–3, one notices that the separation distance between the solitonic waves depends on the
value of |λ1 − λ2|. In Fig. 2, the value of |λ1 − λ2| is 0.4 while that of |λ1 − λ2| is 1.0 in Fig. 3. The higher the value
of |λ1 − λ2| gets, the longer the separation distance between the solitonic waves becomes. Those two conditions lead
to different dynamics of the solutions derived from the same expression, such as the evolution of two parallel solitonic
waves (see Fig. 2) and two waves which interact with each other periodically (see Fig. 3).
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Appendix A. N-fold DT for system (3)
Ref. [11] has investigated the N-fold DT of a 2 × 2 AKNS system which includes system (3) as a member of it. A gauge
transformation has been introduced in Ref. [11], i.e.,
φ = T˜φ, (30)
where T˜ is deﬁned by [11]
T˜ x + T˜ U = U T˜ , (31a)
T˜t + T˜ V = V T˜ . (31b)
Lax pair (5) can be transformed into [11]
φx = Uφ, φt = V φ, (32)
where U and V have the same forms as U and V , respectively, except replacing H and G with H and G . Let matrix T˜ in
Eq. (30) be in the form of [11]
T˜ = T˜ (λ) =
(
A B
C D
)
, (33)
with
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N−1∑
k=0
λk Ak, B =
N−1∑
k=0
λkBk, (34a)
C =
N−1∑
k=0
λkCk, D = λN +
N−1∑
k=0
λkDk, (34b)
where Ak , Bk , Ck and Dk are the functions of x and t , determined by the following linear algebraic system [11],
N−1∑
k=0
λkj(Ak + Bkσ j) = −λNj , (35a)
N−1∑
k=0
λkj(Ck + Dkσ j) = −σ jλNj , (35b)
with
σ j = ϕ2(λ j) − r jψ2(λ j)
ϕ1(λ j) − r jψ1(λ j) (1 j  2N), (36)
where ϕ = (ϕ1,ϕ2)T and ψ = (ψ1,ψ2)T are two basic solutions of Spectral Problem (5), and λ j and r j (λk = λ j , rk = r j as
k = j) are some parameters suitably chosen such that the determinant of the coeﬃcients for Eq. (35) is nonzero [11]. By
reducing the N-fold DT of the 2× 2 AKNS system in Ref. [11], we have:
Transformations between the old potentials (H and G) and new ones (H and G) of system (3) are given by [11]
H = H + 2CN−1, (37)
G = G − 2BN−1, (38)
and then matrices U and V have the same forms as U and V [deﬁned by Eq. (5)], respectively.
Appendix B. Vandermonde-like determinant
The Vandermonde-like determinant is introduced as [14,15]
VMN(ar;br |xr) =
∣∣∣∣∣∣∣∣∣
a1 a1x1 · · · a1xM−11 b1 b1x1 · · · b1xN−11
a2 a2x2 · · · a2xM−12 b2 b2x2 · · · b2xN−12
...
...
...
...
...
...
...
...
aM+N aM+NxM+N · · · aM+NxM−1M+N bM+N bM+NxM+N · · · bM+NxN−1M+N
∣∣∣∣∣∣∣∣∣
, (39)
where r = 1,2, . . . ,M + N . In particular, we denote VMN (ar;br |xr) = 0 for M < 0 or N < 0 and V00(ar;br |xr) = 1 for M =
N = 0. This determinant has some properties and applications in soliton theory [14–19].
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